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INTRODUCTION
Let k be an algebraically closed field. By algebra A, we mean a finite
dimensional associative k-algebra, which we assume moreover to be basic
Žand connected. For such an algebra A, there exists a uniquely deter-
. Ž .mined connected quiver Q , and at least a surjective algebra morphismA
 from the path algebra kQ of Q into A, whose kernel is denoted by I ;A A 
 see 6 . The algebra A is called triangular if Q contains no orientedA
1 The authors gratefully acknowledge support from the NSERC of Canada, the CNPq of
Brazil, and CONACyT of Mexico.
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Ž .cycles. For each pair Q , I , called a presentation of A, we can defineA 
Ž .  the fundamental group  Q , I ; see 10 . A triangular algebra A is1 A 
Ž .called simply connected if, for every presentation Q , I of A, the groupA 
Ž .   Q , I is trivial 4 , or, equivalently, if and only if A admits no proper1 A 
Ž  .Galois coverings see 10 . As is well known, covering techniques allow
one to reduce many problems of the representation theory of algebras to
Ž  .problems about simply connected algebras see, for instance, 6, 10 .
Ž  .Let A be an algebra, let T be a tilting module in the sense of 8 , andA
let B End T . It has long been conjectured that, if A is simply con-A
nected, then so is B. This is known to be the case if A is representation-
 finite 5 . In this paper, we consider the case where A is hereditary and
thus is the path algebra of a quiver Q. Then B is called tilted of type Q.
Since a hereditary algebra is simply connected if and only if its quiver is a
tree, the above conjecture reduces to say that a tilted algebra B of type Q
is simply connected if and only if Q is a tree. This is known to be the case
 if the underlying graph of Q is euclidean 4 or if B is tame and strongly
˜-free, that is, containing no full convex subcategory which is hereditary of
˜  type  ; see 2 . Our objective in this paper is to show that the latterm
conjecture holds true if B is tame. In the proof, we shall make essential
1Ž . Žuse of the first cohomology group H B of the algebra B with coeffi-
.cients in the bimodule B whose vanishing is known to be related to theB B
simple connectedness of B. Indeed, it has been shown that a representa-
1Ž .tion-directed algebra A is simply connected if and only if H A  0; see
 Ž .7, 5.5 . Similarly, if A is the Auslander algebra of a representation-finite
algebra over a field k of characteristic zero, then A is simply connected if
1Ž .  and only if H A  0; see 1 . Moreover, for a tilted algebra B of type Q,
  Ž  Ž ..it follows easily from 7 see also 2, 1.4 that Q is a tree if and only if
1Ž .H B  0. We are now able to state our main result, which answers
 positively for tilted algebras the first problem of 11 .
THEOREM. Let B be a tame tilted algebra of type Q. Then B is simply
connected if and only if Q is a tree.
Since the underlying graph of Q coincides with the orbit graph of the
Ž .connecting component of the AuslanderReiten quiver  mod B of B,
 the reader may compare this result with that in 2 , where it is shown that,
if B is tame and tilted, then B is strongly simply connected if and only if
Ž .the orbit graph of each of the directing components of  mod B is a tree.
Also, it is shown there that a tame tilted algebra B is strongly simply
1 ˜Ž .connected if and only if H B  0 and B is strongly -free. We thus
obtain the following corollary, which answers positively for tilted algebras
 the second problem of 11 .
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COROLLARY. Let B be a tame tilted algebra. Then B is strongly simply
˜connected if and only if it is simply connected and strongly -free.
Ž .The paper is organized as follows. After a short preliminary Section 1,
we prove in Section 2 three lemmata on simply connected algebras.
Section 3 consists of the proof of the above theorem.
1. PRELIMINARIES
1.1.
Throughout this paper, an algebra A is equivalently considered as a
 k-category, whose object set is denoted by A , as in 6 . A full subcategory0
C of A is called conex if, for any path a  a    a in A, with0 1 t
a , a  C , we have a  C for all i. Given a point x in a quiver, we0 t 0 i 0
denote by e the trivial path at x. For an algebra A, we denote by mod Ax
the category of the finitely generated right A-modules and by P thex
indecomposable projective module corresponding to x A . It is well0
known that, if A kQI is a bound quiver algebra, then mod A is
equivalent to the category of all representations of Q bound by I. We thus
Ž Ž . Ž ..identify a module M with the corresponding representation M x , M  ;
 see 6 . The support Supp M of an A-module M is the full subcategory of
Ž .A generated by those x A such that M x  0.0
1.2.
For the fundamental group and simple connectedness, we refer the
   reader to 3 . We need in particular the following result. Let B C M be
a one-point extension algebra, and let x be the extension point. Denote by
 the smallest equivalence relation on the set of all arrows with source x
such that   whenever there exists a minimal relation Ý w startingi i
Ž .at x, with w    and w   . Given a presentation Q , I of B, let1 1 2 2 B 
Ž .    t  be the number of equivalence classes  , . . . ,  of arrows1  tŽ . 
Ž . Ž .with source x. For each i, with 1 i t  , let l i be the number of
Ž .tuples of paths  ,  , . . . ,  ,  in Q such that there are minimal1 2 2 s	1 2 s
Ž .relations    
    
Ý  u from x to y say , . . . ,11 1 1 12 2 2 j 3 1 j 1 j 1
Ž .   
    
Ý  u from x to y say , with   s1 s 2 s	1 s2 s
1 2 s j 3 s j s j s 1 s
1
  Žand  , . . . ,  distinct arrows in  . Any such tuple  ,  , . . . ,  ,1 s i  1 2 2 s	1
. is called a crown of C, topped by x.2 s
 Ž .  THEOREM 3, 2.4 . Let B C M be a one-point extension of a con-
Ž .nected algebra C. Let Q , I be a presentation of B whose restriction to C isB 
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Ž  .Q , I . For any abelian group Z, there is an exact sequence of abelianC 
groups
Ž .t 
tŽ .	1 l Ž i.0Z Hom  Q , I , Z Hom  Q , I , Z  Z .Ž . Ž .Ž . Ž . Ł1 B  1 C 
i1
1.3.
 For tilted algebras, we refer the reader to 8, 9 . The following result is a
 particular case of the main theorem in 4 .
THEOREM. Let B be a tilted algebra of euclidean type Q. Then B is simply
connected if and only if Q is a tree.
1.4.
Let A be an algebra, and let  be a component of its AuslanderReiten
Ž . Ž .quiver  mod A . The orbit graph O  of  has as its points the 	-orbits
M	 of the indecomposable A-modules M in , and there exists an edge
M		N	 whenever there exist a, b  and an irreducible morphism
	 aM 	 bN or 	 bN 	 aM; moreover, the number of such edges equals
Ž a b .the dimension of the space of irreducible morphisms Irr 	 M, 	 N or
Ž b a .Irr 	 N, 	 M , respectively.
 Ž .If A is representation-finite, then, by 6, 4.2 , A is simply connected if
Ž Ž ..and only if O  mod A is a tree. Also, if A is tilted of type Q, then the
underlying graph of Q equals the orbit graph of a connecting component
Ž .of  mod A .
2. PREPARATORY LEMMATA
2.1. LEMMA. Let B be a triangular algebra and let x be a source in B such
that the only arrows of source x are two arrows  ,  with same target y.1 2
Ž .Assume that Q , I is a presentation of B such that there is no minimalB 
Ž . Ž .relation of the form    
    with  ,   k* . Then  Q , I 1 1 1 2 2 2 1 2 1 B 
1. In particular, B is not simply connected.
Proof. Let C denote the full convex subcategory of B generated by
 4B  x . Then C is connected. Now, if the arrows  and  are not0 1 2
involved in a minimal relation starting at x, then they are not equivalent
Ž . Ž .under the relation  of 1.2 . Consequently, t   1. Applying the exact
Ž . Ž Ž . .sequence of 1.2 yields that Hom  Q , I , Z  0, for any non-zero1 B 
Ž .abelian group Z. Hence  Q , I  1.1 B 
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 2.2. LEMMA. Let B C M be a tame algebra, let x be the extension
point, and assume that there are two arrows  ,  of source x with the same1 2
target y. If B is simply connected, then so is C.
Proof. We assume that C is not simply connected and show that B is
Ž  .not simply connected either. There exists a presentation Q , I of C suchC 
Ž  . Ž .that  Q , I  1. We show that there exists a presentation Q , I of1 C  B 
Ž  . Ž .B whose restriction to C is Q , I such that  Q , I  1.C  1 B 
Since B is tame, the arrows  ,  are the only arrows of source x. For1 2
the same reason, any arrow in C having y as a source must be involved in
a relation starting at x.
First of all, if there are at most two arrows having y as a source, then it
Ž .is easily seen that there exists a presentation Q , I of B whose restric-B 
Ž  .tion to C is Q , I such that the only relations starting at x areC 
Ž . Ž .monomials. By 2.1 ,  Q , I  1.1 B 
We may thus assume that there are at least three arrows having y as a
source. Since B is tame, there are actually no more than four arrows
having y as a source. It is then easily seen that there exists a presentation
Ž . Ž  .Q , I of B whose restriction to C is Q , I such that the relationsB  C 
starting at x are two monomials   ,   and at least one, but at most1 1 2 2
Žtwo minimal relations of the form   

   
 where  ,  , and 
1 1 2 2 1 2
.are distinct arrows of source y, and  ,   k* .1 2
We define a surjective map  from the set of walks in Q onto the setB
Ž .of walks in Q as follows. We set  e  e and, for any z in Q suchC x y B
Ž . Ž . Ž .that z x, we set  e  e . We set       e and, for anyz z 1 2 y
Ž .arrow  in Q distinct from  ,  , we set    . Clearly, the map B 1 2
Ž 	1 . Ž .	1is well defined. For any arrow , define      . For an arbitrary
walk w 1 2   t from z to z , say, with  1, 1 i t, it is1 2 t 1 2 i
easily seen that
  1 2 t w        Ž . Ž . Ž . Ž .1 2 t
Ž .is a walk in Q from the point corresponding to  e to the pointC z1
Ž .corresponding to  e .z2
We now show that  is compatible with the homotopy relation in
Ž . Ž  .Q , I . Since this presentation restricts to Q , I , it follows from theB  C 
definition of  that it suffices to verify that, for any minimal relation of
Žthe form   

   
 where 
 is an arrow of source y, and  ,  1 1 2 2 1 2
. Ž . Ž . Ž . Ž . Ž .k* , we have   
    
 . Now,   
     
  e 
1 2 1 1 y
Ž . Ž . Ž . Ž .   
    
 . Thus  induces a group homomorphism  Q , I2 2 1 B 
Ž .  Q , I which is clearly surjective.1 C 
 2.3. LEMMA. Let B C M be a tame simply connected algebra, where
C is a connected algebra which is not simply connected. Denote by x the
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Ž . Ž  .extension point and by Q , I a presentation of B whose restriction Q , IB  C 
Ž  .to C is such that  Q , I  1. Then there exists a crown of C, topped by x.1 C 
Proof. We assume that this is not the case and deduce a contradiction.
Ž .Since B is simply connected, then  Q , I  1. Consequently, the exact1 B 
Ž . Ž .sequence of 1.2 yields that t   1; that is, all arrows of source x are
Ž .equivalent under the relation  . Moreover, by 2.2 , there is no double
arrow of source x. Since B is tame, there are at most four arrows starting
at x. Now, if there exist four arrows of source x which are involved in the
same minimal relation, then B contains a wild full subcategory of the form

[
and this is a contradiction. Hence, there are at most three arrows of source
x which are involved in the same minimal relation. Further, in this case,
there is no other arrow of source x; otherwise B contains a wild full
subcategory of the form
  ,
another contradiction. Thus, we have one of two cases
Ž .where, on the right, some of the arrows may not appear . In the first case,
we have a minimal relation    
    
    and, in the1 1 12 2 2 21 3 3 32
second, minimal relations    
    ,    
    , and12 1 12 21 2 21 23 2 23 32 3 32
Ž .   
    where the  and the  are non-zero scalars .34 3 34 43 4 43 i ji
Since, by hypothesis, x tops no crown, then we can assume that the
above relations are the only ones involving at the same time  and  fori j
Ž .any pair i, j .
We define a surjective map  from the set of walks in Q onto the setB
Ž .of walks in Q as follows. We set  e  e and, for any z in Q suchC x y B1
Ž . Ž . Ž . 	1 Ž .that z x, we set  e  e . We set    e ,     ,  z z 1 y 2 12 21 31	1 	1 Ž . 	1 	1 	1    , and         . Clearly the map  is12 21 23 32 4 12 21 23 32 34 43
Ž 	1 . Ž .	1well defined. For any arrow , define      . For an arbitrary
walk w 1 2   t from z to z , say, with  1, 1 i t, it is1 2 t 1 2 i
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easily seen that
  1 2 t w        Ž . Ž . Ž . Ž .1 2 t
Ž .is a walk in Q from the point corresponding to  e to the pointC z1
Ž .corresponding to  e .z2
We now show that  is compatible with the homotopy relation in
Ž .Q , I . Again, it suffices to verify its compatibility with the minimalB 
Ž .relations starting at x. Now, in the first case above, we have    1 12
Ž . Ž . Ž . Ž . Ž . 	1      ,               , and1 12 12 2 21 2 21 12 21 21 12
Ž . Ž . Ž . 	1 	1 Ž .              because   . In3 32 3 32 12 21 23 32 32 12 21 23
Ž . Ž . Ž . Ž .the second case,           , while    1 12 1 12 12 2 21
Ž . Ž . 	1 Ž . Ž .          ; similarly,        and2 21 12 21 21 12 2 23 3 32
Ž . Ž . Ž .       . Thus,  induces a group homomorphism  Q , I3 34 4 43 1 B 
Ž  . Ž  .  Q , I which is clearly surjective. Since  Q , I  1, we have1 C  1 C 
Ž . Q , I  1, a contradiction to the simple connectedness of B.1 B 
3. PROOF OF THE THEOREM
We may clearly assume that B is representation-infinite and not con-
cealed.
We first show the sufficiency. Suppose that the type of B is a tree. As
1Ž .observed before, this means that H B  0. We must show that B is
simply connected. Assume that this is not the case and that B is a
counterexample such that the number of objects of B is minimal. Then0
there is at least one projective in the connecting component C of B:B
indeed, if this is not the case, then B is of euclidean type and hence is
Ž .simply connected by 1.3 , a contradiction. Thus let P be a projective inx
C . We may assume that x is a source in the quiver of B, and so we canB
 write B C M , where C C   C , with each C connected. Since1 t i
1Ž .  Ž .H B  0 then, by 11, 3.2 , the source x is separating. Also, for each i,
Ž . Ž .the orbit graph O C is a subgraph of O C and hence is a tree. By ourC Bi  Ž .minimality assumption, each C is simply connected. Applying 11, 3.2i
Ž  Ž ..see also 3, 2.5 , we infer that B is simply connected, a contradiction.
We now show the necessity. Assume that B is simply connected. We
1Ž .must show that H B  0. If the connecting component C contains noB
Ž .projectives, then B is of euclidean type and we are done by 1.3 . If it
contains projectives, let P be a projective in C which is maximal withx B
respect to the order induced by the arrows. In particular, x is a source, so
 we can write B C M with M rad P and C C   C , wherex 1 t
 Ž .each C is connected. By 3, 2.6 , x is separating. It is then easy to seei
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Ž .that O C is obtained by gluing together the orbit graphs of the connect-B
ing components of the C as follows.i
Therefore, we may assume that t 1; that is, C is connected, and hence
M is indecomposable.
 Ž .By 7, 5.3 , we have an exact sequence
  End MkH 1 B H 1 C  Ext1 M , M   .Ž . Ž . Ž .C
1 Ž .Since M lies in C , we have End M k and Ext M, M  0. HenceB C
1Ž . 1Ž . 1Ž .H B H C . If C is simply connected, then H C  0 by induction
Ž .and we are done. Otherwise, let Q , I be a presentation of B. Since C isB 
Ž  .not simply connected, we may assume that the restriction Q , I ofC 
Ž . Ž  .Q , I to C is such that  Q , I  1. Since B is simply connectedB  1 C 
Ž .then, by 2.3 , there exists a crown of C, topped by x. That is, there are
distinct arrows  : x a , . . . ,  : x a and paths  : a  b ,  :1 1 s s 2 i	1 i i 2 i
Ž .a  b where 1 i s and a  a such that there exist minimali
1 i s
1 1
relations    
    
 Ý  u , . . . ,    
    
11 1 1 12 2 2 j 3 1 j 1 j s1 s 2 s	1 s2 1 2 s
Ý  u .j 3 s j s j
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Let D be the convex hull in B of the points a , . . . , a , b , . . . , b . We claim1 s 1 s
˜that D Supp M and that D is hereditary of type  for some m 1.m
We first notice that D is tame and tilted, because it is a full convex
subcategory of the tame tilted algebra B. This implies in particular that,
Ž . Žfor each i,  or  is the unique path in D from a to b or a to2 i	1 2 i i i i
1
.b , respectively , where 1 i s and a  a . Assume that this is noti s
1 1
Ž .the case and that the convex hull of  say contains a subcategory of the1
form
where    
  
 . Assume first that        0 in B. Since1 1 1 h 1 1 1 l 1
B is tame, there is a minimal relation linking this path with  . Let N be1
the indecomposable D-module with support of the full subcategory gener-
Ž .ated by all points except c , . . . , c , d , . . . , d such that N y  k for1 h	1 1 l	1
Ž .all y Supp N . Then it is easily seen that pd N  2 and id N  2,0 D D
showing that D is not tilted, a contradiction. On the other hand, if
      0, then the tameness of D implies that     0 and1 1 l 1 1 1
  0. Then, let L be the indecomposable D-module of supportl 1
 4 Ž .d , . . . , d such that L d  k for all i, we have pd L  2 and1 l	1 i D
id L  2, again a contradiction.D
The above remark implies that D is a full subcategory of Supp M. Also,
the tameness of B implies that, if there is an arrow y z, with yD0
Ž .and zD , then z Supp M and, further, Supp P contains no non-0 0 x
zero path from x to some yD . This completes the proof of our claim.0
Ž .Now, we have dim M y  1 for all yD : for, if this is not the casek 0
Ž .and yD is such that dim M y  2, then the tame algebra D would0 k
contain a wild full subcategory of the form
.b  x . bi j.
[
and this is a contradiction. Therefore, M is a simple homogeneous
1 Ž . 1 Ž .D-module. Hence Ext M, M  0, which implies that Ext M, M  0, aD B
contradiction.
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